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l Ahhotaiiha. B 3toh pa6oTe paccMaTpnBaeTCH Kjiacc HecHMMeTpHHHBix one- 

I , paTopoB o6o6meHHoro c^BHra, ,hjih Kascsoro H3 hhx bboshtch o6o6ineHHBie 

^— ^ MOflyjiH rjia^KOCTii h ,hjih hhx ^,OKa3BiBaeTca TeopeMa /BKeKCOHa h TeopeMa, 

1 o6paTHan en. 

VP , Abstract. In this paper a class of asymmetrical operators of generalised 

translation is introduced, for each of them generalised moduli of smoothness 
are introduced, and Jackson's and its converse theorems are proved for those 
moduli. 

<^ 1. BBEflEHHE 

B pa6oTe [5] 6biji BBefleH b paccMOTpeHHe HecHMMeTpHiHMH onepaTop o6o6meH- 
Horo cflBHra, c ero noMoniBio 6mji onpe^ejieH o6o6ihchhh[h MO/ryiib rjiaflKOCTii h 
fljia Hero ,a;0Ka3aHa TeopeMa o coBna/ieHHH Kjiacca (pyHKiniH, onpe/iejifleMoro sthm 
MO^yjieM, c KjiaccoM (pyHKHiiii, hmgkhhhx /iaHHOii nopaflOK HaHjiynniero npH6jiH- 
jKeHHH ajireGpaHnecKHMH MHoronjieHaMii. 

B 3Toii pa6oTe paccMaTpHBaeTca Kjiacc HecHMMeTpiiHHbix onepaTopoB o6o6meH- 
Horo cflBHra, pjisi Ka^Kfloro H3 hhx bbo/hitch o6o6meHHbie MO/ryjiH rjia/n-cocTH h pjin 
hhx flOKasbiBaeTCs: TeopeMa ^jKeKCOHa h TeopeMa, o6paTHaa eii. 
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2. OlIPEflEJlEHHE OBOBIlIEHHOrO MOflYJlfl rJlAflKOCTH 



(N 



- 1—1 

X 



06o3HanHM Hepe3 L p , 1 < p < oo, mhojkbctbo (pyHKiniii /, H3MepHMtix no 
JIe6ery h cyMMnpyeMbix b p-vL CTeneHb Ha OTpe3Ke [—1,1], a nepe3 oGosHa^HM 
MHOJKecTBO cpyHKH^HH, HenpepbiBHbix Ha OTpe3Ke [—1,1], npnneM 



ll/H = Hf-i\f( x )\ Pdx ) 1/P > ecjiHl<p<oo, 
[max_i< x <i \f(x)\, ecjinp = oo. 

Hepe3 L Pt0l o6o3Ha i THM MHOJKecTBO cpyHKH^HH /, TaKHx, hto f(x)(l — x 2 ) a G L p , 
npnneM 

ii/iU = ii/w(i-^riip- 
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Hepe3 £'n(/)p,Q o6o3HanHM HaHjiyninee npH6jiHJKeHHe (pyHKnnn / npn noMonni 
ajire6paHnecKHx MHoronjieHOB CTeneHH He Bbinie, hcm n — 1, b MeTprace L pa , i.e. 

£„(/W = mf||/-P„|| P!Q , 

r^e P ra — ajireSpaH^ecKHH MHoronjieH CTeneHH He Bbiine, ieM n — 1. 

IlycTb /i € NU {0}. JXjir cyMMHpyeMoft cpyHKiniH / BBe^eM onepaTop o6o6meH- 
Horo CflBHra no npaBHjiy 

f, (/,*,.) 



?r(l - x 2 y/ 2 (cost/2) 2 » 



r/i;e 



ie = cos 0i, y = cost, z = cos</?i, 



R = xy — zyl — x 2 \/\ — y 2 — cos 6*, ^ 
sin cos ip = cos #i sin t + sin #i cos t cos <pi , 
sin 9 sin 93 = sin 9\ sin </?i . 

Ilpn noMonni 3Toro oncpaTopa o6o6m,CHHoro cflBnra onpeflejiHM o6o6m,eHHbiii 
MOflyjib rjia^KOCTH no npaBHjiy 

u(f,8,fi) p , a = sup \\f t (f,x,n) - f(x)\\ . 

\t\<8 

Ilojiaraii y = cost, z = cos 931 b onepaTope f t (/, x,fi), o6o3HaHHM ero nepe3 
T y (/, x, fx) n nepennnieM b Bn^e 

t v (f, x, n) 



tt(1 -a; 2 )^/ 2 (l + y)^ 

x / \\-R 2 Y' 2 } \R) cos tx{ V i - <p)- " Z 



rpfi R, tpi n <p onpeflejieHbi (popMyjiaMH ([1]). 

06o3HanHM nepe3 -D Xj „ !jU onepaTopti ^HcpcpepeHHHpoBaHHH onpe^ejiaeMBie no 
npaBHjiy 

d 2 d 
D x ^ = (1 - x2 )-Tp +(p-v-(v + fi+ 2)a;) — . 

CHeBHflHO, HTO 

= (1 - ar)-"(l + x)-»-f(l - xY+\l + xY +1 ^. 

ax dx 

Byn,eM nncaTb, hto f{x) € AD(p,a, fi), ecjin / G £ p . Q , /(#) HMeeT a6cojnoTHO 
HenpepbiBHyio npoH3BOflHyio Ha Kax^OM 0Tpe3Ke [a, b] C (—1,1) h D x ^^f(x) € 

IlycTb 

K(f,5,n) p , a = inf (||/ - ff|| P;a + 5 2 P J 

-ftT-cpyHKHHOHaji THna IleTpe, HHTepnojinpyionTHH Me»c,ny npocTpaHCTBaMH L PjQ h 
AD(p,a,n). 

Byn,eM o6o3HanaTB nepe3 pff'^fa) (n = 0, 1, . . .) MHoronjieHbi 5Iko6h, T.e. mho- 
roHjieHbi CTeneHH n, opToroHajibHbie flpyr flpyry c BecoM (1 — x) u (1+x) 1 * Ha OTpe3Ke 
[— 1, 1] h HopMHpoBaHHbie ycjiOBHeM Pn' (1) = 1 (n = 0, 1, . . .). 
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IlycTb /i € N U {0}. Hepe3 a n (f) o6o3HaHHM KOsepcpimiieHTbi Oypi>e-5lKo6H 

(i ) 1 00 

(pyHKn,HH / G L± t n no CHCTeMe MHoronjieHOB 

I J n=0 

a„(/) = J f{x)P^\x){l-x 2 Ydx (n = 0,l,...). 

OnpeflejiHM cjie/ryioiirHe ciiMMeTpinHbie onepaTopu o6o6meHHoro c/jBiira, iirpa- 
roinrie b flajiBHeiiineM BcnoMoraTejibHyio pojii. 

T,(/,x,/i) = — / (l-z 2 y- 1/2 f(R)dz, 



r^e 

fi € N U {0}, i? — onpe^ejieHO (popMyjiaMH (P). 

U,ejibio 3toh CTaTbH HBjiaeTCH flOKa3aTejibCTBO cjieflyiomero yTBepjKfleHna. 

TeopeMa 2.1. Pcycmb danu uucAap, fi u a maKue, umo 1 < p < oo, /i € NU{0}; 

1 /i „ 

— — < a — — < npw p = 1 , 

1 fi 1 1 

~2p" <a " 2 < 2~2p" ^ul<p<oc, 

A* 1 

< a — — < — npu p = oo. 

Ilycmb / G L P) a- Tozda 3ah ak>6ozo namypaAbnozo n cnpaeedAueu nepaeencmea 

CiE n {f) p , a < uj ff, <C 2 — 2 Y, vE » if)p,a > 

zde noAootcumeAbHue nocmosmnue C\ u Ci ne 3aeucsim om fun. 

3aMeTHM, hto npH fi — TeopeMa ppnasana b pa6oTe [3]. ITpn /j, = 2 TeopeMa 
flOKa3ana b pa6oTe [6]. 

3. BcnOMOrATEJTbHblE YTBEP>K,n,EHHfl 

JleMMa 3.1. Onepamop T y (f,x,u) o6Aadaem CAedywu^uMU ceoilcmeaMu: 

1) Onepamop T y (/, x, p) Auneen no f ; 

2) T 1 (f,x,n)=f(x); 

3) r y (p^\x^) = Pir\x)P^\y) (n = 0, 1, . . . ); 

4) T y (l,a;, ju) = 1; 

5) .Ec/m g(x)T y (/, x, /i) G Li ifl 8ah aw6ozo y, mo 
f(x)T v (g,x,/J,)(l-x 2 )' 1 dx = f g(x)r v (f,x, fx) (1 - x 2 )" dx; 



6) a n (T y (f,x,fi))=a n (f)P^\y) (n = 0,l,...). 
/foKa3ameAbcmeo. CBOiicTBa [I)] h [2)] cjie,nyiOT cpa3y H3 onpeflejieHiia onepaTopa 

fljia ^,OKa3aTejibCTBa CBOftcTBa [3)] paccMOTpHM (pyHKiniii 

^ = p^)(,)2-^-^ :;jij;+g, ! (i ~ z) ^(i + z)^, 

r/i,e I — n + ^i^, /i = ^-5^, f = IIojiaraH /: = fi, y = b (popMyjie yMHO»ce- 



HHH C.140] flJIS (pyHKD,HH P (z) , IIOJiyHIlM paBeHCTBO H3 CBOHCTBa 3) 



4 



M. K. IIoTanoB h <!>. M. BepHina 



Cbohctbo |4)| BbiTeKaeT H3 CBOiicTBa [3)| npH n = 0. 
^OKajKeM Tenepb cbohctbo 5) HivieeM 



h = / /(x)r v ( ff ,x, A1 )(l-x 2 )^x 



2" 



/(x)ff(i2)(l-i2 2 )' , / 2 (l-x a )' ,/2 



X COS /Lt((^i — <yS) 



— ' 



r/i,e R, ipi n ip onpeflejieHbi (popMyjiaMH ([T]). CflejiaB b stom ^bohhom HHTerpajie 
3aMeHy nepeMeHHbix no (popMyjiaM 



Ry + Vy/l- R 2 yjl-y 2 , 



Ryjl-y 2 - VyVl - R 2 



nojiyHHM, HTO 



1 - [Ry + V^/l -R 2 yJ\ -y 2 
h = ^ g(R)r y (f,R, f i)(l-R 2 rdR, 



hto h TpeGoBajiocb /i,OKa3aTb. 

fl,Jisi flOKa3aTejibCTBa CBOiicTBa pn paccMOTpiiM 



h = a n (r (f,x,fj)) 



(f,x^)p^\ X )(i-x 2 rdx. 



Hcnojib3ya CBOiicTBa [5)| h [3)j nojiynaeM, hto 
h = j f{x)r y (p^\z,m) (l-x 2 )"^ 

= ^ 2M) (y) J f(x)P^\x)(i - x 2 ydx. 

JleMMa 13.11 flOKa3aHa. 
JleMMa 3.2. Tlycmb danu uucjia p u a matcue, umo 1 < p < 00; 



□ 



\<a<l 



npu p = 1 , 



^ 1 3 1 

1 — — <a<- — — npu 1 < p < 00, 
2p 2 2p 



l<a<- 



npu p = 00. 



Tlycmb R onpedeAeno (popMyjiaMU (|TJ) . Tozda 3asi ak>6ou u3MepuM0u na ompe3Ke 
[— 1, 1] diynKuuu f cnpaeedjiueo nepaeeHcmeo 



j\l-R 2 )\f(R)\ 



dz 



p,ct— 1 



<c||/IU, 



acte nocmoJiHHaji C He 3aeucum om jut. 
JleMMa T3. 21 jaHa b pa6oTe [Bj. 
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JleMMa 3.3. Ilycmb danu uucAa p, \i u a maKue, nmo 1 < p < oo, fi £ N U {0}; 

1 ii 

— — < a — — < npu p = 1 , 

I) < a — — < — npu p = oo. 

Ilycmb f £ L PtCc . Tozda cnpaeedAueo nepaeencmeo 

\\n (/, x, fi)\\ Pia < c ^ o J /2) ^ \\f\\ Pta , 

zde nocmonHHan C ne 3aeucum om f , t u [i. 
/JoKaaameAbcmeo. IlycTb 

J=||f t (/,a!,/i)|| Pia . 

Torfla 

1 

I 



7r(cost/2) 2 A' 

d? 

(1- R 2 )^ 2 f(R) cos n(<pi-<p)- " 



(1 - a 2 )"/ 2 y-i ; Jy ' ^ x ^'VT~z 

iyje R, ipi h ip flaHbi cpopMynaMH ([1]). IlpiiMeHHH jieMMv [3~2l nojiynaeM, hto 

JleMMa T3. 31 jQKa3aHa. □ 



JleMMa 3.4. Ilycmb diynKuuti f{x) UMeem na KaotcdoM ompc3Ke [a,b] C (—1,1) 
a6cojiwmHO nenpepuenyw npouseodnym f'(x), \i £ N U {0} u nycmb D Xfflrfl f(x) £ 
ii.p. Tozda 

1) 77pw diuKcupoeannoM y dhynKuun T y (f,x, (J,) UMeem na KaatcdoM ompc3Ke 
[c 7 d] C (— 1, 1) a6coJimmHO Henpepuenyw npouaeodnym -^J y (/,£,/x). 

2) 77pu ajuKcupoeannoM x $>ynKuusi T y (f,x, fj,) UMeem na KaatcdoM ompe3K,e 
[c,d] C (— 1, 1) a6cojiwmno Henpepuenyw npou3eodnyw -§^T y (/, x, fj,). 

3) JIjik noumu ecex x u y cnpaeedjiueu paeencmea 

Ty (D Xjfl ^f, X, (I) = D X:tl:fl T y (/, X, (I) = Dy.Q^Ty (/, X, fi) . 

/IoKa3amejibcmeo. PaccMOTpHM (pyHKHino 

V ; (1 - x 2 y/ 2 (l + y) 2 VT^ I s 

rpfi R, ipi h ip onpeflejieHbi (popMyjiaMH ((lj. HeTpyznro flOKa3aTB, hto npn cpHKCH- 
poBaHHbix y h z, jih6o R — MOHOTOHHaa (pyHKD,Ha ot x Ha OTpe3Ke [—1, 1], jih6o, 
ecjiH cymecTByeT kohchho hhcjio 9q = arctg(ztgi), R — MOHOTOHnaa (pyHKinra 
ot x Ha KajKflOM H3 OTpe3KOB [— l,cos#o] H [cos $0)1]. IIoaTOMy 3aKjiK>HaeM, hto 
<pKHKH,H5i ip'(x) — a6cojiiOTHO HenpeptiBHa Ha KajKflOM OTpe3Ke [c, d] C (—1,1). 
OTCio^a yTBepjKfleHHe [T)] cjie^yeT nocjie npHMeHeHHH TeopeMbi Jle6era o nepexo^e 
npeflejiOM no,a, 3HaKOM HHTerpajia. 

YHHTbiBaH CHMMeTpHHHOCTb R no x h y, aHajiorHHHbiM pacyjKfleHHeM flOKa3bi- 
BaeTCH a6cojHOTHaa HenpepbiBHOCTB cpyHKH,HH j^T y (f,x,fx). 

^OKBJKeM Tenepb paBeHCTBO 

T y {D x ^^f, x, n) = D x fl fi T y (/, x, n) . (2) 
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H3 [I)] cjie^yeT, hto cym,ecTByeT D x ^^r y (f,x,fi). 

IlycTb BHanajie (pyHKiniH f(x) 6ecKOHenHO /nicpepepeHnnpyeMa h paBHa Hyjno 



bhc neKOToporo OTpe3Ka [a, b] C (— 1, — y) U (— y, y) U (y, 1). IIpHMeHHH cbohctb 5) 
h|3)]h3 jieMMBi fe.ll nojiynaeM 



= P,{°^\y) f D w f(x)pM(x)(l-x*rdx. 



i 



HHTerpHpya: /nmjK/nj no nacTHM, ynnTMBaH, hto f(x) = h f'(x) = bhc [a, 6] C 
(—1,1), nojrynnM, HTO 

I = P<?M(y) t D w pM{x)f{x){l-x 2 Ydx. 



At, At-" 
1 



Il3BeCTHO, HTO [TJ C.171] 

D w P^(x) = -n(n + 2/i + l)P^(x). 

IIosTOMy 

/ = -n(n + 2fi + l)PP'W{y) f f(x)P^~>(x){l - x 2 y dx 



OTCio^a, npHMeHsa cbohctb [3)| h [5)| jicmmbi [3 . 1 1 h HHTerpnpya flBajKflbi no iacTHM, 
ynHTbiBaa, hto r y (/, x, fj,) = bhc HeKOToporo OTpe3Ka [7, 6] C (—1,1), nojiynaeM, 

HTO 

I = J D w T y (/, /i) Pfr'ri (x)(l - x 2 r dx. 

CjieflOBaTejibHO, npn tpHKcnpoBaHHOM y Bee KOScptpHnneHTbi Oypi>e-5lKo6H cpyHK- 
nnn 

F ( x ) = T y (Dx^f, X, fi) - D x ^^T y (/, X, fl) 
TO CHCTCMC MHOrOHJieHOB \ P„ (x) \ paBHBI HyjHO. H3 CBOHCTBa nOJIHOTM CH- 

CTeMbi < Pn' (x) \ 3aKjnoHaeM, hto F(x) — nonTH BCiofly Ha [—1, 1]. 

I J n=0 

TeM caMHM paBeHCTBO ([2]) flOKa3aHO npn cpHKcnpoBaHHOM y rjisi cpyHKnnn f(x) 
6ecKOHeHHO /niipcpepcHnHpyeMOH n paBHOii Hyjiro bhg HeKOToporo OTpe3Ka [a, 6] C 
(-l,-y)U(-y,y)U(y,l). 

IlycTb Tenepb cpyHKniiH f(x) HMeeT Ha Kaac^OM OTpe3Ke [a, b] C (—1,1) a6co- 
jiiotho HenpepbiBHyio npoH3BO,i];HyK) f'{x). IlycTb cpyHKHHH g{x) 6ecKOHeHHO flncp- 
(pepeHinrpyeMa n paBHa Hyjno BHe HeKOToporo OTpe3Ka [c, d] C (—1, —y) U (— y, y) U 
{y, 1). IlHTerpnpyH /nmjKflbi no nacTHM, ynnTbiBaH, ito 

g(x)(l-X 2 r +1 ±T y (f,X,»)^0 

H 

r y (f,x :f i)(l-x 2 r +1 -^g(x)^0 
flJIH x — > —1 + n x — > 1 — 0, nojiyHHM, HTO 



Ji = I d x,^t (f,x,n)g{x)(l - x 2 Y L dx 



1 



D x ,^g(x)r y (f, x, fx) (1 - x 2 Y dx. 
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IIpHMeHHfl jieMMv [57X1 iiMeeM 

Ji = J f{x)T y (D x ^g, x, (i) (1 - x 2 Y dx. 

IlycTb Tcncpt 

J-2 = J T y (D x ^f,x,fj,)g(x)(l - x 2 ydx. 
AHajiorHHHO npHMeHHH jieMMy 13.11 h HHTerpnpyH jxbiqkpja no hrcthm, nojiynaeM, 

HTO 

J-2 = J D x ^^r y (g, x, fi) f(x)(l - x 2 Y dx. 

Cjie/],OBaTejibHO 



l 



■h-J\= \ (D x ,u,uT y {g, x,fi) - T y {D x>ll>ll g,x,fj,)) f(x)(l - x 2 )* 1 dx. 



-l 



Ho pflsi 6ecKOHeHHO flutpcpepeHrnipyeMofi h paBHOii Hyjiro BHe HeKOToporo OTpe3Ka 
[c,d] C (— 1, — y) U (—y,y) U (y, 1) cpyHKiniH g(x) ^OKa3aHO paBCHCTBO npn 

CpHKCIipOBaHHOM J/ H nOHTH Bcex x € [—1,1]. OTCio/ja 

^2 - J\ = j (r y (D x ^f,x,/j,) - D x ^^t v (f,x,n))g(x)(l - x 2 Ydx = 

fljia Bcex y. TaK KaK, OTpe30K [c, d] C (— 1, —y) U (— y, y) U (y, 1) Bbi6paH jho6bim, a 
(pyHKinia — jno6aa 6ecKOHe T iHO /nicpcpepeHHiipyeMaa cpyHKHiia, paBHaa Hyjiio 
BHe OTpe3Ka [c,d], to paBeHCTBO @ cnpaBe,n,jiHBO iiohth BCiofly Ha [—1,1] npn 

CpHKCHpOBaHHOM y. 
PaBeHCTBO 

T y (£>x, m ,m/' x ' M) = D v,o,2^T y (/, a;, /x) 

,n,OKa3biBaeTca aHajiorn^HO. 

JleMMa T3 . 41 jOKa3aHa. □ 



JleMMa 3.5. Ilycmb diynKVjUfi f{x) UMeem na KaotcdoM ompe3Ke [a,b] C (—1,1) 
a6coAwmHO nenpepuenyw npou3eodnyw f'{x). Tozda 3am noumu ecex x £ [—1,1] 
eunoAHenu CAedymuiALe paeencmea 



v 



r v (f,x, f i)-f(x)= I (i-vy^i + vy 

x / (1 + u) 2 ^t u (J) w /, x, ji) du dv 



Ty(f,X,fx) -T Q (f,X,fi) = - (l-v) 1 (1+V) 



V 

2m- 1 



-1 



x / (1 + it) r„ (D x ,n,nf, x, fi) du dv. 

J v 

/joKasameAbcmeo. ^OKasceM nepBoe paBeHCTBO jieMMti. Ecjih cpyHKinia f(x) - 
6ecKOHeHHO .iniipcpepeHHHpyeMa h paBHa Hyjiio BHe HeKOToporo OTpe3Ka [a, b] C 
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(— 1, —y) U {—y,y) U (y, 1), to, npHMeHHH jieMMH [6 . 41 h [3~Tl nojrynaeM, hto 
'(l-vy^l + v)- 2 "- 1 f il + u) 2 »T u (D w f,x,u) dudv 



(1 - wj-^l + u)- 2 "- 1 y (1 + u) 2 »D Ut0<2fl T u (/, M ) dv 

= Ty {f,X,(l) - f(x) 

npn noHTH Bcex a; G [—1,1]. 

IlycTb Tenepb /(x) HMeeT Ha KaayjOM OTpe3Ke [a, b] C (— 1, 1) a6cojnoTHO Henpe- 
pbiBHyio nporoBOflHyio f (x). IlycTB cpyHKii,HH g{x) Ggckohghho flncpcpepeHnnpyeMa 
h paBHa Hyjiio BHe HeKOToporo OTpe3Ka [c,d] C (— 1, —y) U (— y, y) U (y, 1). Tor,na 
Meraa nopHflOK HHTerpHpoBaHHH, noTOM npHMeHHa jieMMv IXT1 n. paccyjKflaa aHa- 
jiorHHHO Kax npH flOKaaaTejibCTBe jicmmbi 13.41 HHTerpnpya /nmxyibi no nacTHM, 
HeTpy^HO /i,OKa3aTb, hto 

x [ (l + u) 2 »T u (D x ^J,x,n)g(x){l-x 2 y i dudvdx 

f(x){l-x 2 Y ["(i-vy^i + v)- 2 ^- 1 



x / (1 + u) 2il D X4l4l T u (g, x, u) du dv dx. 



Ho fljia 6ecKOHeHHO /nicpcpepeninipyeMOH n paBHOii Hyjno BHe HeKOToporo OTpe3Ka 
[c, d] C (—1, — y) U (— y, y) U (y, 1) cpyHKniin g(x) ysce ,n,OKa3aHO nepBoe paBeHCTBO 
jieMMbi npn noHTH Bcex x G [—1,1]. CjieflOBaTejitHO, 

J = / ( T „ (/, x, /i) - /(x)) y(x)(l - x 2 f dx. 



-1 



OTCio/ja, nepBoe paBeHCTBO jieMMti BtiTeicaeT b cnjiy npoH3BOjiBHOCTH OTpe3Ka [c, d] 
h cpyHKiniH g(x). 

BTopoe paBeHCTBO jieMMbi flOKa3BiBaeTca aHajiorHHHO. □ 

CjieflCTBHe. nycmt djyHKii ) ufi fix) UMeem na KamcdoM ompe3Ke [a,b] C (—1,1) 
a6ccuimmHO nenpepuenyw npou3eodnyw fix). Tozda 3am noumu ecex x G [—1,1] 
eunoAHenu cjiedymuiAie paeencmea 



if,x,(i)-f(x)= I {wxv/2)-\cosv/2)-^- 1 

x / t u (D Xt ^f,x,fx) (sinw/2)(cosw/2) 4A1+1 dudv 



T t if, x, n) - (/, x,u) = - / (sin v/2) (cos v/2) 

J-k/2 



t 

4/1-1 



x / f u (Dx^f, x, a) (sinu/2)(cosM/2) 4AI+1 dudu. 



IlepBoe paBeHCTBO cjie^yeT cpa3y H3 nepBoro paBeHCTBa JieMMH 13.51 no/i,CTa- 
hobkoh cosu n cost* BMecTO u h v cooTBeTCTBeHHO. AHajiorHHHO 3TOMy, BTopoe 
paBeHCTBO cjieflyeT H3 BToporo paBeHCTBa jieMMbi [ 



O TEOPEME flJKEKCOHA. 
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JleMMa 3.6. Ylycmb P n (x) — a,Aze6pauuecKuu mhozohjich cmenenu ne euuie, HeM 
n — 1, 1 < p < oo, p > 0; 

1 

a > npu 1 < p < oo, 

P 

a > npu p = oo. 
Tozda cnpaeedAueu Hepaeencmea 

\\KW\\*a+i/*<Cin\\P n \\ p>a , 
\\P n \\ p , a < C 2 n 2 o\\P n \\ p<a+p , 
zde nocmofiHHue C\ u C2 ue 3aeucsim om n (n G N) . 
JleMMa 13.61 ,a,0Ka3aHa b pa6oTe [2] . 

JleMMa 3.7. Ilycmb danu hucacl p, a u p ma-nue, umo 1 < p < 00, p G N U {0}; 
1 

— ^ < a — A* npu p = 1, 

1 1 1 

< a < pH npu 1 < p < 00, 

2p 2 2p 

< a < /! + — npu p = 00. 

Ilycmb / G AD(p,a,/j). Tozda cnpaeedAueo Hepaeencmeo 
E n (f) P , a <C±\\D x ,^f(x)\\ pa , 
zde nocmosmnasi C ne 3aeucum om f , n up. 

/JoKasameAbcmeo. JJjm cpHKcnpoBaHHoro HaTypajibHoro Hiicjia q > p Bbi6epeM Ha- 
TypajibHoe hhcjio n TaKoe, hto 

n — 1 n — 1 

< m < + 1. 

q + 2 q+2 

HeTpy^,HO flOKa3aTb, hto npii ycjiOBirax jibmmbi HMeeM / G B pa6oTe [5] 

,n,OKa3aHO, hto cpyHKinia 

1 / sin 29+4 

Q(x) = — T cost (f : x,p){—^-) (smt) 2 » +1 dt, 

7m JO V Sm I / 

r / j mt \ 2g+4 

Jo V sm § y 

ecTB ajire6paHHecKHii MHorouieH CTeneHH He Bbinie, neM n— 1. IIosTOMy, npuMeHHH 
o6o6iu,eHHoe HepaBeHCTBO MnHKOBCKoro , HMeeM 

E n (f) p , a <\\f-Q\\ Pt0l 

1 r ( sin 29+4 

<— / ||T cost (/,x,p)-/(x)|| PiQ — J- (sin t) 2 " +1 dt. 

7m JO V sm 2 / 

B pa6oTe f3J c.47] ^OKa3aHO, hto pjlk Bcex A cnpaBe^jinBO HepaBeHCTBO 
\\T cost (f,x,p) - f(x)\\ pa < C,t 2 \\D w f(x)\\ p a . 

II03TOMy 

1 / s in M\ 29+4 

Ci HD^/fa;)!! — / t 2 — -f- (sin i) 2 " +1 eft. 

7m Jo V Sln 2 / 
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IIpHMeHaH CTaHflapTHyio oneHKy flflpa ^jKeKCOHa, nojiynaeM, hto 

E n (f) p , a <C 2 ^ \\D w f(x)\\ pa < C 3 ± \\D x .^f(x)\\ p a . 
JIeMMa r3.7l jOKa3aHa. □ 

4. OCHOBHblE yTBEP>K,HEHHH 
TeopeMa 4.1. Ilycmb danu uucAap, a u (i maKue, umo 1 < p < oo, p G NU{0}; 

1 [I r> 

— — < a — — < npu p = 1, 

-Tp <a ~2 <l 2-Tp n P ul <P<™> 
m 1 

< a — — < — npu p = oo. 

Ilycmb / € ij,^. Tozda 3am ecex 5 € (0, 7f) UMewm Mecmo Hepaeencmea 

CiK(f, 6, fi) p , a < u>(f, S, n) p , a < C 2 ^ cos §/ 2 ) 2 ^ K( -^ S ' ^ p ' a ' 

sde noJiootcumeAWbie nocmosmnue C\ u C 2 ne 3aeucsim om f , S u p. 

JJoK03ameAbcmeo. IloKa>KeM, hto pfla jiio6oh cpyHKiniH g(x) £ AD(p, a, p) h jho- 
6oro t G (— 7r, ?r) cnpaBefljiHBO HepaBeHCTBO 

||f t (s,!,^) - < C3 (cq J /2)2a / HA^^WIU , (3) 

r^e nocTOHHHaa C3 He 3aBHCHT ot j, 1 1 /1. 

IlycTb < t < ? . Toiyja no cjie^CTBHio 113 jieMMH 13.51 npnivieHHH o6o6meHHOC 
HepaBeHCTBO MiiHKOBCKoro h jieMMy 13.31 nojiy^HM 



h = \\f t (g,x,ti)-g(x)\L a < / (sin U /2)- 1 (cosv/2) 



t 



|t„ (£) x ^^5,x,^)|| p Q (sinu/2)(cosu/2) 4Al+1 dMdu 
< Ca\\D„ „ ..a(x)\\_ f fsinw/2r 1 fcosu/2)~ 4 ^ 1 



Ci\\D x ^g(x)\\ pa I (sinv^y^cosv^Y 

x f (smu/2)(cosu/2) 2,1+1 dudv. 







OTCio^a, yHHTtiBaa, hto npn < i < J HMeeM 

(sini;/2)~ 1 (cosu/2) _4A1 ~ 1 / (sin u/2)(cos u/2) 2 ' i+1 du dv < C 5 t 2 , 



nojiy^aeM, hto 



h < Cff \\D x ^g{x)\\ v a < C 6 {cost/2)2 / \\D w g(x)\\ p a . 
IlycTb ^ < t < 7r. Toiyja no cjieflCTBino H3 jieMMBi 13.51 npHMeHaa o6o6meHHoe 



HepaBeHCTBO MnHKOBCKoro, noTOM jieMMy [5731 nojiy^aeM, hto 



h = 



T t {g,x,n) - f w/2 {g,x,n) 



<C 7 \\D x ,^g(x)\\ [ (sin«/2)- 1 (cos U /2)- 4 ^ 1 

Jir/2 



x / (sinu/2)(cosu/2) 2AI+1 dudv. 



O TEOPEME flJKEKCOHA. 
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(sinw/2)- 1 (cosw/2) 



?r/2 



nojiyiaeM, hto 



(sinu/2)(cosu/2) 2M+1 dutfe 



(cost/2) 2 ^' 



1 



1 



/2 " g9 (cost/2) 2 " "^^lU ^ Cg (cost/2) 2 " ' "^.^lU • ( 4 ) 

IIoCKOJIbKy 

1 1 ft (5,a;,M) -ffC^llp.a 



< 



r t (g,x,iJ,)-T n/2 (g,x,fx) + t n/2 (g,x,fj.) - g(x) 



p. a 



p. a 



to, npHMeHHH HepaBeHCTBO (U) h y>Ke ,n,OKa3aHHbie fljia < t < 5 HepaBencTBa Q , 
nojiynaeM, hto fljia: ^ < t < n 

\\f t (g,x,n) - g{x)\\ p a < C 10 r^l^y^ 2 \\ D x,^g( x )\\ P , a ■ 

TaKHM o6pa30M, HepaBeHCTBO ([3]) flOKa3aHO npii < t < tt. 

Tax KaK, T cost (g, x, fi) — T cos , t \ (g,x,fx) } to momo CHirraTb, hto HepaBeH- 
CTBO ([3]) cnpaBefljiHBO pjisi < \t\ < ir. 

IlycTb Tenepb / G £ p , Q h < \t\ < 6 < 7r. Tor^a pjin jho6oh cpyHKiniH 5(2;) G 
AD(p 1 a, /i), npHMeHHH jieMMv [37X1 HMeeM 

||f t (/,i,M)-/(a:)|| Pl a 

< ll^t (/ - g, x, fi)\\ pa + \\f t (g, x, fi) - g(x)\\ pa + - f\\ pa . 

IIpHMeHaH jieMMy 13.31 h HepaBeHCTBO ([3]) , nojiynaeM, ito 

||f t (/, ^ - f(x)\\ pta < Cu (cos ^ 2)2|1 (11/ ^ 3ll P)Q + IIA^WIU) , 

r^e nocTOHHHaa Cn He 3aBHCHT 01 f . g, t w fi. CjieflOBaTejitHO, nepexo^a k tohhoh 
HHJKHeii rpann b stom HepaBeHCTBe npn \t\ < 8 h g(x) G AD(p 7 a, fi), nojiynaeM 
npaBoe HepaBeHCTBO TeopeMti .lyis < S < ir. 

JXjisi /i;0Ka3aTejibCTBa jieBoro nepaBeHCTBa paccMOTpHM cpyHKin-no 



gs{x) = 



1 



h(8) 



(sinw/2)- 1 (cost;/2)- 4 ^- 1 

x / t u (f,x,fi) (sin u/ 2) (cos u / 2) 4tl+1 dudv, 



x(8) = (sint;/2)- 1 (cosi>/2)- 4 ' J - 1 / (sin u/ 2) (cos u / 2) itl+1 dudv 



IIpHMeHaH o6o6meHHoe HepaBeHCTBO MnHKOBCKoro h jieMMv [3~UI nojiynaeM, hto 
H«w(aOII PiQ < C i 2 ( COS(5 1 /2)2m H/IUq > 

T.e. g s (x) G Lp, Q . 

IlycTb < 8 < ^. Toiyja jierxo noKa3aTb, hto 

x(*) > C 13 S 2 , (5) 
r^e nocTOHHHaaa C13 He 3aBHCHT ot <5 h /i. 
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HeTpyzyio noKa3aTb, mo npii ycjiOBiiax TeopeMbi, 113 / € L p ^ a cjie^yeT / € £i,/t< 

0603H£L X 1I1M 

- - £(l - V 2 )-^ 1 j (1 - * 2 )" (/(*) - ^) 
rfle ci = J . f(z)(l — z 2 Y dz, c = — 2 2 ) M dz. Hcho, hto g(x) € AD(p, a, fi). 

IIoCKOJIbKy 

D Xtflttl g(x) = f(x) - — , 
Co 



TO 



Z" 5 

9s{ x ) = —F^ (sini;/2)- 1 (cosu/2)~ 4 '*~ 1 



x / (D Xiflifl g, x, n) (sinu/2)(cosu/2) 4AI+1 dit tfv + 

Co 



k{5) 



IIpHMeHSH cjie/i,CTBiie H3 jieMMbi 13.51 nojiynaeM, hto 

9s(x) = -^j-(f s (g,x,fi)-g(x)) + —. 
H[b) c 



ci 



IIpHMeHSH k STOMy paBeHCTBy onepaTop D X4l4l ii jicmmv 13^41 Haxo/i,iiM 



Dx^^gsix) = -^ry (t s x, ju) - D x>ll>ll g(x)) 



' fa (/, /(*))• 



CjieflOBaTejibHO, npiiMemiH jreMbi [3~3"1 ii 13.41 saKjuo^iaeM, hto gs{x) £ AD(p,a, fi). 
H3 nocjie/i,Hero paBGHCTBa 11 HepaBeHCTBa ([5]), nojiynaeM, hto 

ll-D^.^WIIp^ < Cu^ ||r a - f(x)\\ P:a , 

OTKy/ia cjie^yeT, hto 

\\Dx,M9s{x)\\ Pta < Cu-jpU(f,5,fJ,) Pia . 
C flpyrofi CTpaHbi, npiiMeHflH o6o6m;cHHoe HepaBCHCTBO MiiHKOBCKoro , nojiyna- 



1 '* 



x / ||/(a;)-f u (/, 1,^)11 (sin W /2)(cos U /2) 4A1+1 ^^<^(/^,Ai) P ,a. 
Jo 

TaKiiM o6pa30M, ^jih < 5 < ^ noKa3aHO, hto 

h = 11/0*0 - 9s{x)\\ pot + S 2 \\D x ^^g s (x)\\ pa < C 15 u>(f, 5, fi) PtCt . 
Ho fljia ^ < 5 < 7r HMeeM 

i"a < ^(ll/W ~ 9s(x)\\ p , a + \\D w g S (x)\\ P , a ) 

< C 16 uj (/, 1, ju) P)Q < C 16 uj(f, 6, n) p>a , 

11 cjieflOBaTejiBHO, jieBoe HepaBencTBO TeopeMbi cnpaBe/jjiiiBO npii Bcex < 6 < n. 
Jlpsi 6 = yTBepjKfleHne TeopeMbi TpiiBiiajibHO. 

TeopeMa 14.11 nojmocTbio ppviasana. □ 



O TEOPEME /U-KEKCOHA. 
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/joKasameAbcmeo meove.Mu \2.l\ J^jih jik>6oh (pyHKiniH g(x) € AD(p, a, fi), npHMe- 
HHS JieMMV 13771 HMeeM 

E n (f) p , a <E n (f~ g) pa + E n (g) pa <\\f- g\\ pa + C 3 -^ \\D x ^g{x)\\ pa , 

r^e nocTOHHHaa C3 He 3aBiiciiT ot g h n. OTCiofla, nepexoflH k tohhoh hhjkhch 
rpaHH no bcgm g{x) G AD(p, a,fi) h totom npHMeHHH TeopeMv 14.11 nojryHHM 

E n (f) PtCt <C 4 K(f,-,n) <C 5 u,(f,-,fi 

V n ) pa V n , p , a 

JleBoe HepaBeHCTBO TeopeMbi ,n,OKa3aHO. 

^OKajKeM npaBoe HepaBeHCTBO TeopeMbi. HycTb P n (x) — ajire6paHHecKHii mho- 
roHjieH HaHjiynniero npH6jiHJKeHHH pjisi /, CTeneHH He Bbinie, neM n — 1. IlycTb fc 
Bbi6paHO Tax, hto 

2 fe <n<2' £+1 . (6) 
H3 TeopeMBi l4.ll yHHTHBaa, hto P 2 k(x) € AD(p 7 a, fi), cjiepyei, hto 

/, < c 6 (\\f - p 2 4 P . a + 4 \\D Xtfitfi p 2k (x)\\ 

TaK Kax, 

fc-i 

A^P* (as) = 2 D x ^ (P 2 „ + i (x) - P 2 , (x)) , 

!/=0 

yHHTbiBaa, hto h3 jieMMbi \'S . 61 cjieaveT. hto 

llA^^II^ < ||(1 - ^K'WlU + ( 2 M + 2) |K(l)|| p , Q 

<C 7 n 2 \\P n \\ pa , 

nojiynaeM 

fc-l 

IPx l/4l ^(«)ll I ,,a ^ C^ 22 ^ ||P 2 „ +1 -P 2 „|| p a 
i/=0 

fe-1 

<2C 8 ^2^ +1 )i? 2 ,(/) PiQ . 

i/=0 

IIosTOMy, yHHTbiBaa HepaBeHCTBO ([5]), HMeeM 

V.^m) <^^E 22(i/+1) ^(/U- 

3aMenaH. hto pflz v = 1, . . . , k 

E i^(/)p,a>2 2(, '- 1) ^(/) p , a , 

HflXOflHM 

1 ™ 

i/=i 

TeopeMa 12.11 aoKa3aHa. □ 
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